ON SOME FAMILIES OF INTEGRALS SOLVABLE IN TERMS 
Cn '■ OF POLYGAMMA AND NEGAPOLYGAMMA FUNCTIONS 

o 
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Abstract. Beginning with Hermite's integral representation of the Hurwitz 
zeta function, we derive explicit expressions in terms of elementary, polygamma, 
and negapolygamma functions for several families of integrals of the type 
/ °° f(t)K(q,t)dt with kernels K(q,t) equal to (e 2 ^* - l) _1 , (e 2 ^* + l) _1 , 
and (sinh(27r(jrt)) _1 . 

i 1 ■ 

< 

u 

j2 ■ 1. Introduction 

The Hurwitz zeta function, denned by 

oo 1 
n=0 X H ' 

for z 6 C, Rcz > 1, and q ^ 0, — 1, —2, • • • , admits the integral representation 

co; (i.2) c M . ^ f jgL t --> dt , 

■ where T(z) is Euler's gamma function, which is valid for Rez > 1 and Kcq > 0, 
\ and can be used to prove that £(z, q) admits an analytic extension to the whole 

complex plane except for a simple pole at z = 1. Hermite proved an alternate inte- 
gral representation, which actually provides an explicit realization of this analytic 

■ continuation for real q > 0: 

■ 

B (L3 » 



1 , 1 a-z , o„i-« f°° sin^tan-^) 



5^ ' Special cases of Q(z, q) include the Bernoulli polynomials, 

(1.4) B m (q) = -m((l-m,q), m e N, 

defined by their generating function 

(1-5) -f-r = £ B^qf- 

e l — 1 *■ — ' to! 

m=0 

and given explicitly in terms of the Bernoulli numbers B^ by 

(1.6) s ro (g) - E l ^ 
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and the polygamma functions, 

(1.7) V )(m) (<?) = (-l) m+1 m!C(m + l,q), m e N, 
defined by 

jm+1 

(1.8) ^ m \q) := -jL_lnr(g), meN. 

The function Q(z, q) is analytic for z ^ 1, and direct differentiation of (|1.3|) yields 
(1.9) 

1 q 1 ^ g 1 "* 1 „ i- zl /"°° sin(ztan- 1 i)di 
C(^,?) = -o9 lug— 7 -lng-2g lng 



2 1 (z — l) 2 z — 1 J * V (1 +< 2 ) z / 2 (e 2 ^ 4 - 1) 

Z" 00 cos(ztan" 1 i) tan" 1 i dt x _ z f°° sin(ztan" 1 1) ln(l + t 2 ) dt 
+ q J (l + i 2 )*/ 2 (e 27r 9* -1) ~ q J (l + t 2 )*/ 2 ^ 2 ^ -1) ' 
where C'( z !<7) denotes d((z,q)/dz. 

In this paper we derive, starting from the representations (|1.3[) and 1)1. 9|) . several 
definite integral evaluations of the type 

The main examples considered here are the families 

W = ^ (l + t2 )fc +l( e 2 7 r 9t _ 1) d< ' 

Tk[q) = So ^^T dt > 

[°° t k ln(l + t 2 ) 

and the associated integrals obtained by replacing the factor e 2?r9t — 1 in the de- 
nominator of the integrands by e 2 ^ qt + 1 and sinh(27r<7i). We produce closed- form 
expressions for Ik(q) in terms of the polygamma functions ^ m ^{q), 1 < m < k, and 
for T-2k{q) and L2k+i(q), in terms of the derivative of the Hurwitz zeta function at 
negative integers or, equivalently, the balanced functions 

(1.10) A m (q) := roC'(l-m,g), 
or the balanced negapolygamma functions, 

(1.11) i> ( - m) {q) ■= A i A "M - H m ^B m (q)} , 

m! 

defined for m G N, which were introduced in H r is the harmonic number 
(Ho := 0). We define a function f(q) to be balanced (on the unit interval) if it 
satisfies the properties 



[ f(q)dq = 0, and /(0) = /(l). 
Jo 



For certain particular rational values of q the balanced negapolygamma functions 
evaluate to rational linear combinations of elementary functions of special constants 
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such as In2,ln7r, the Euler constant 7, G/tt (G is Catalan's constant), £'(— 1), etc. 

We note that, in view of Lerch's result |2] 

(1.12) \nT(q) = C(0 J? )-C(0), 

A\{q) = C'(0, q) can be expressed in terms of the gamma function as 

(1.13) A 1 (q) = In^L. 

The problem of closed-form expressions for T2k+i and L2k remains open. 

2. A SERIES EXPANSION 

All the results presented in this paper are consequences of the Taylor series 
expansion of the function 

(") /M) - 

which appears in the integral representation of the Hurwitz zcta function: 



(2-2) - 2^ + ^t 9 +2? i ^rfi*- 

Theorem 2.1. The Taylor series 

, 9 on sin(ztan~ 1 ^) _ ^ {-l) k {z) 2k+1 +2fc+1 

(TZ72W2 _ 2^' 



(l + *2)*/a ^ (2fc+l)! 



and 

cos(ztan~ 1 t) _ ^ (-l) fc (^2fc ^fc 
( J (1 + * 2 )^ " ^ (2*)! 

hold for |*| < 1. 

Proof. Both sides of (|2.3I) satisfy the equation 

(2.5) { i + f)fv+2t(z + l)^+z(z + l)g = 

and the initial conditions g(0) = 0, </(0) = z. It is straightforward to show that 
the series on the right-hand side of (|2.3|) converges for |*| < 1. The proof of (|2.4|) is 
similar. □ 



Corollary 2.2. Let m G N. Then, for f el, 

I — I 

L 2 J 

,2fc 



2 A- 



(2.6) cos^tan" 1 *) = (1 + t 2 )-™/ 2 ^ ( ™ )t : 
and 

(2.7) sinCmtan- 1 *) = (1 + t 2 )-/ 2 £ (-1)* ( /" )* 



fe=0 



,2/c+l 
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Proof. The expression 

(-m) n = (-l) n n\( m ' 
vanishes for n > m, so the series (12.31 12. 4|) terminate for z — — m. □ 

Since one can write t 2 = (1 + t 2 ) — 1, it is clear that, for to E N, the functions 
+ i 2 ) m / 2 sin(mtan _1 1) and (1 + i 2 ) m / 2 cos(mtan _1 1) are also polynomials in 
1 + t 2 . We now give their explicit forms. 



Corollary 2.3. Let to G N. Then 

L— J 

(2.8) costmtan" 1 *) = ]T (_1)*_!IL_ ("* ~ ? ) 2 m - 2p_1 (l + t 2 f- m / 2 
and 

(2.9) su^tan^i) = t { ? ) 2 m - 2p - 1 (l + f 2 )^" 1 / 2 . 

P =o VP/ 

Proof. Performing the binomial expansion of t 2k = [(1 + t 2 ) — l] k in (|2.7(l we have 



sm 







E (-!)* 


TO 

v 2fc + 1 








! E c-tf 


E 


3=0 





2k+lJ \j 




1 + t 



2 V 



The result now follows from the identity 

where < j < L'^V^J- A similar argument gives the identity for cosine. □ 



3. A FAMILY OF INTEGRALS DERIVED FROM HERMITE'S REPRESENTATION 

The Hermite representation (|1.3J1 can be written as 
a -n f°° sin(ztan" 1 i) 1 1 1 

A direct consequence of the expansion l|2.7|l . when used in l|3.1|l with z G — N, is 
the following well-known relation l|1.4fl between the Bernoulli polynomials and the 
Hurwitz zeta function. 

Lemma 3.1. The Bernoulli polynomials B m (q), m G N, are given by 
(3.2) B m (q) = -mC(l-m,ff). 
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Proof. Substitute l|2.7|l into (|3.1|1 with z = —to and use the well-known result 0] 
(3.411.2) 

roc + 2fc+l d 

(3-3) / -L-^dt = {-If- Z — 



Q e 2nqt _i y J 4(k + l)q 2k + 2 



to obtain 

m+1 / 1X 



I I 

9 n.m+l ( m \ f2fe+2 

\ 2k 4- 1 / 4f£; - 

m+1 



m , 



m+1 — fc 



TO + 1 

m view of (JT21 and the facts that B a = l,B l = -1/2, and B 2k +i = for fc G N. □ 

Similarly, the alternate expansion l|2.9|l . when substituted into (|3.1|l with z = 
to + 1, to € N, leads us to consider the following family of integrals. 

Theorem 3.2. The integrals 

f°° t 
(3-4) ■= j Q (1+ £ 2) * + i (e ^_i) 

fc € N, are given by 

Proof. Use the expansion (|2.9() in l|3.1|l with z = m + 1 to obtain the recursion 

£ { _ 1)P2 m-2 P+ r fm - p\ /m = + } _ 1 _ 1 

\ P J 2q m 

for to £ N. Expressing the Hurwitz zeta functions in terms of polygamma functions 
by inverting ljl.7[) . we find 



(3.6) 



to! 2q 



The recursion H3.6(l can be solved in closed form by inverting the sum. We first lower 
the lower limit to p = 1 since the binomial coefficient vanishes when p < to — p, 
and then use the orthogonality formula 

* /2fc-j-lV P \_j(-l) k k Up = k 

3 = 1 



k — j ) \j —pj I otherwise 
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k-j 



and the evaluations 

p^ 2k ~!: 1 )=2^ and pv( 2k 7 j :^=/ 2k 

to obtain the explicit formula (|3.5|1 . 
Note. The case k — appears in 0] (3.415.1): 



(3-7) Io(q) = 



t 1 , 

-, -tt-t — - — at = — In q 

o (l + i 2 )(e 2 ^*-l) 2 y 



1 1 



□ 



4q 2 

where t/K*?) is the digamma function. This result also follows from l|3.1[l in the limit 



z — ► 1, in view of 
(3.8) 



ip(q) = lim 

z— >■! 



1 



z- 1 



CM 



4. TWO NEW FAMILIES OF INTEGRALS 

As we know from Corollary 12. 31 the functions 

f _1 (l + t 2 y z/2 sin(ztan _1 <) and (1 + t 2 )~ z/2 cos(z tan -1 1) 

are polynomials in 1+t 2 when z S — N, a fact that allows considerable simplification 
of representation l|1.9|l . This leads us to consider the families of integrals 



(4.1) 

and 

(4.2) 



Tk(q) 



Lk{q) 



oo ,k 



t K tan -1 1 
e 27r «* - 1 

00 t fc ln(l +t 2 



■dt, 



that appear after differentiating Hermite's representation (|1.3|) with respect to the 
parameter z. A direct differentiation of (|3.1|1 yields 

, cos(ztan _1 <)tan^ 1 i , 1 f°° sin(z tan" 1 1) ln(l + t 2 ) , 
(4.3) / - v — I , dt- - I — — ,„/„ \ 77— dt 



o (1 +t 2 y/ 2 (e 2 ^t _ i) 2 7 (l + < 2 )^/ 2 (e 2 ^-i) 



<f 1 C(z, 9 )lnq + g 2 1 C'(2,9) + 



(z-1) 2 



Setting z = —m, m € No, we find a recursion for these integrals. 



Proposition 4.1. For m £ No, the integrals X2fc(<?) and £2*1+1(3) satisfy the rela- 
tion 



LfJ 



fc=0 



(4.4) 2^(-lf T 2fc (?)+ J] 



1 



2fc + 1 



^2^+1(9) 



7 , Y s m+1 [^m+i(g) - B m+1 (q) ]nq] + — - 

[m + l)q m+L [m + ly 
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Proof. This is derived directly from l|4.3(l using the expansions (|2.6|) and l|2.7|l . and 
the relations (|1.4|) and □ 

Equation (|4.4|1 can be used iteratively to find explicit expressions for the inte- 
grals T 2 k{q) and L 2 k+i(q) in terms of the functions A m {q) and B m (q). 

Example 4.2. The value m = in l|4.4|l yields 

T (q) = ±-A 1 (q)-±-B 1 (q) Ing+i 

Using 1)1. 12[) and B\ (q) = q — | , we have 

f tan" 1 * 1 1 t In 9 , \nT{q) In ^ 

(4.5) T {q)= — — -At = - - -Inq-' 



l e 2 ^ 1 - 1 2 2 " Aq 2q 2q ' 

We note that this result corresponds to Binet's second expression for lnr(<7) [5]. 

Some particular evaluations of T (q) are 

tan _1 t 1 In \/2/k 
dt= ^ — , 



(i 



1 



00 tan" 1 * _ 1 In 2 
tfrt^l 2 __ 2~' 
tan" 1 i , 1 



/ ^ dt = r lM - 21n2+2hr ^ 



Example 4.3. The case to = 1 in (|4.4|) yields 

A 2 (g) S 2 (g) In? , 1 



(4.6) 2T (< ? )+L 1 (<z) 



2« 7 2 2g 2 



and using A 2 (q) = 2('(—l,q), B 2 (q) = q 2 — q + 1/6, and the expression for T (q) 
obtained in (|4.5(l . we get 

„ «N r / N * ln(l+t 2 ) , 

( 4 -7) M?) = / .,1 



o 



1 „ . lnr(g) lnv 7 ^ / 1 l\ , 

-C' -1,9 ^ + ^ _ ln 

q 2 q q \12q 2 2) 



We see that Li(q) will evaluate to special values whenever ('(—l,q) does. Par- 
ticular examples of the latter are 



and 



C'(-i ) i) = -ic'(-i)-s^ 2 



C'(-l,i) = -K'(-l) + G/47r, 
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and particular evaluations of L\(q) are 

r iln(l + < 2 ) , % 

I e2 ; t _i d * = c( ~ 1)+ln ^-4' 

r iln(l + < 2 ) , „ 2, „ 3 

[ ^fc? d< = - 2C ' ( - 1} + i ln2 - 1 + v - 41nr ^ +41n ^- 



We now evaluate the integrals T2fc(g) and L2fc+i('z) in terms of elementary func- 
tions and the balanced negapolygamma functions 



Theorem 4.4. Let k € N. Then, 

(4-8) (-l) fe T 2fe ( 9 ) = (-i) fc y o t-j^dt 

1 lug 1 



2(2fc + l) 2 2(2fc + l) 8fcg 
fe-i 



and 



4^ (j + l)(2fc-2j- 1)^+ 2 

lf f 1Y ,- (2fc)! ^t-i-i)( g ) 
2 ^ ( 2fc -^') ! 



1 lng lng lnr(g) ln yphi 

2 ~ ~2~ + ~4g~ + ~~ 2^ 2^~ ' 



Similarly, for fc > 0, 
(4.9) 

1 lug 1 



(2/c + 2) 2 2fc + 2 2g(2fc + 1) 

fc— 1 

1 \ -^2 j +2 1 ^2k-\-2 

+ 2 ^ (j + l)(2fc-2j) gW + (2fc + 2)g 2fe + 2 ( 9 ~ ^ 2fc+l) 

2 f X , (2fc + l)! ^-^)( g ) 
+ £^ J (2fc-i + l)! g^ 1 ' 

Proof. We first derive the expression for T2k(q)- For any differentiable function / 
we have 



ON SOME FAMILIES OF INTEGRALS 



9 



so 



= r^ to ~ it)fl £(^)* 



(i 2fc+1 taa- 1 t)# f^-i U 

v ; at V e 27r «* - 1 ' 



o 



-(2fc + l)T 2fc (g)- 



OC 



t 2fe+1 A 



Thus 



and since 



we have 



^ 2k+1 T 2k (q)) = -q 2k 



„ (e 2 -9*-l)(l + t 2 )' 
t 2k+1 dt 



dqV K " Jo (e 2 -9 t -l)(l+t 2 )' 

fe-i 

t 2k = (-l) fe + (-l) fe+1 (l +t 2 ) J2(-l)H 2j , 

3=0 



(-l) k+1 ±(q 2k+1 T 2k ( q ))= q ™ / V / "' / 



dq^ * J (e 2 ^ 4 -l)(l + t 2 ) 



fc-1 

<? 2fc ' 

i=0 



* 2 ' +1 g 
(e 27r «* - 1) ' 



fc £(-W 

Jo 

Using and i|3.7[l we obtain 

fe— 1 

q 3=0 3 

Now, for k > 1 each of the terms on the right-hand side is integrable at q = 0, 
so that 



(4.10) 



T lnq 



<- 1) ' +lT -«> = 5(^TTF + 2WTT) -W q -W^L ***'>* 



<I 



fc-1 



_ Q j + 1 2fc-2j'-l ' 9 2fc+1 ' 

where C2fc is a constant of integration which can be determined by studying the 
behavior of q 2k+1 T 2 k(q) as q — ► 0: 

c 2 fc = (-l) fc+1 lim g 2fe+1 T 2fc ( g ) 



1 ^ B 2 j +2 q 23 2 c 2 fc 



The evaluation of the limit above is obtained by replacing tan (x/q) by 7r/2 in 



II 
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and employing formula 4 (3.411.1): 



(4.11) 



-dx = —T(i/)C(v), Re/x > 0,Rei/ > 1. 



The final step in the evaluation of T2k (q) uses the result 



(4.12) [\ n if;(r)dr = nlj^ f ;j^ 9"~ j V' ( ~ 1 ~ i) (g) - ^(-l)"^ -1- ^ (0), 

valid for neN, which can be obtained from the corresponding indefinite integral 
given in Pj. Since 



4, 



l 



'(0) = -T 



C'(-n) - 



H n B n+ i 



n + 1 



we see that for n = 2k the boundary term above precisely cancels the term propor- 
tional to the integration constant C2k, thus leading to the explicit formula (|4.8fl . 

The formula for L2k+i(q) is derived in a similar way. We start with 

d 



ln(l + i 2 ) 



(ft 



[i ln(l + t 2 ) - 2t + 2 tan -1 t] 



and integrate by parts, observing that 



at 

to conclude that 
8 



t 



2k+l 



■,2-Kqt ^ 



(2fc + l)t 2fc 2fe _9 



1 



p2-Kqt _ 1 



Using the expression (|4.10|l for T2k(q) we obtain L2k+i{q) up to a constant of 
integration: 



(-l) k+1 L 2k+1 (q) 



1 



lnq 



1 



1 



(2k + 2) 2 2fc + 2 2g(2fc + l) g 2fc + 2 
fc-i 



„2fe+l 



ijj(r)dr 



1 ^ B 

2 ^ (.7 + 1) 



2j+2 



1 



B2k+2 lng C2fc+i 



2^(j + l)(2fc-2j)g 2 J+ 2 (2fe + 2) g 2fc + 2 g 2fe + 2 ' 

As before, the constant C2fc+i can be determined by evaluating 

B- 



C2k+i = hm 
g ^o 



(-1) 



'■■-K,^ - 2 / ., . ,„> .... -" 2fc + 2 lag 



"i2fe+i(g) - 



2fc + 2 



Note that 

? 2fc+2 



L2k+i(q) = -2hxq / 
Jo 



dx f°° x 2k+l ln(x 2 + q 2 ) 



2irx 



dx, 



so that, in view of l|3.3|) . the limit above is given simply by 



(-l) fc+1 c 2fc+1 = 2 



°° x 2k+1 Ins 
e 27ra - 1 



rf.r 



St 



(2tt)" 



i/=2fe+2 



C(i-") 



cos(7ri//2) 



v=2k+2 



= (-l) fc C'(-2fc-l), 
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and thus C2k+i = — C'( — 2fc — 1). In the second line above we used the functional 
equation for the Riemann zeta function. This time, however, the boundary term 
from H4.12fl and the term containing the integration constant C2k+i cancel only 
partially, leaving the term proportional to the harmonic number i?2fc+i that appears 
in {OH. 

□ 

Note. Adamchik £Q informed us that he is able to evaluate the same integrals in 
terms of the Barnes G-function. This function is uniquely defined by the recurrence 
formula 

(4-13) G n+1 (z + l) = ^±fM 

Gi(z) = i/r(z), 

and the condition 

(4.14) ^_ { i ogGn( ,) } > o. 

The integrals T 2 k(q) and L 2 k+i(q) are reportedly given by 

2k 

2q 2k ~ ~ 

and 



1 2fc ( nu "I 



,Hi r f „\ _ B 2k+2 lag In g - g 2 fc+2 



(-l) k+i L 2k+1 ( q ) 



2k + 2 q 2k + 2 2k + 2 



- 3 

2k+l 



7 2fc+2 

3=1 

where {j| are the Stirling numbers of the second kind and Hk are the harmonic 
numbers. 

We have been unable to determine the values of T2 k +i(q) and L2k(q) using the 
techniques described here. 



5. Some related integrals 

The formulas for definite integrals developed in the previous sections involve the 
kernel (e 27rqt — l) -1 . These evaluations, combined with a simple manipulation, lead 
to a larger class. 
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Lemma 5.1. Let 

Then 

(5-2) G(q) := ^L I dt = F( q )-2F(2 q ), 

(5.3) 5(g) := [ A * = 2F{q) - 2F{2q) . 

Proof. This is a direct consequence of the identities 

11 2 

+ 1 — 1 e 2x — 1 ' 

12 2 
sinhx — 1 e 2:r — 1 



Example 5.2. The expression (|4.5|l yields 



(5.4) 



tan 1 t 



dt = In 2 , 

e 27 ^' + 1 2 2 4? 



1 lng In 2 lnT(g) - lnT(2g) 



2q 



with special evaluations 

tan -1 t 



e 2irt 


+ 1 


00 tan 


-H 




+ 1 


tan - 


H 



3, „ 1 

rft = -In 2 , 

4 2' 



e^/ 2 + 1 



dt 
dt 



ln7r 1 
~2~ ~ 2 
1 



Similarly 
(5.5) 



tan 1 1 
sinh(27rgi) 



dt 



In 2 



ln2 + 21nr(i) -lnTr. 



ln(47r) Lag lnT(g) lnT(2g) 



4? 



4? 



2g 



Some particular values are 

<-°° tan" 1 * 



o 



, dt = — In 2 hi7r, 

sinh(27rf) 2 4 



tan 1 1 



o sinh(7rf) 
00 tan" 1 1 



oft 



-ki7r - -ln2, 
2 2 



/ sinh(7rf/2) 
Example 5.3. The expression (|3.5[) yields 
(5.6) 



dt = 41nr(i)-21n7r-31n2. 



(l+f2)fc+l ( e *r«* + l) ^ ~ ifc 



1 



0' - !) 



(-1) J+1 ^2fc - j - 1 

fc-j 



2 V 



ijj U \q) - 2 3+1 V' (i) 
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and 
(5.7) 



(1 + t 2 ) k+1 smh(2irqt) 



dt 



2k 



2 2k+2 q y k 



^ t ^9 ( 2 V- ; 1 ) ^ ^ <*> - 2 ^ u) 



The function ip(q) and its derivatives do not satisfy a simple duplication formula. 
Thus the explicit evaluation of (|f> .(j|> and (|5.7|l requires the values of tjj^ at q and 
2q. 



Example 5.4. The expression (|4.8|l yields 
(5.8) 



(-If 



°° t 2fc tan" 1 1 

e 2Trqt _|_ I 



dt = 



1 



In 2 



lnq 



2(2/c + l) 2 2fc + l 2(2fc + l) 



B 2 , +2 (l-2-^- 1 ) 



^ fc-i 

(j + l)(2fc-2j- 1)^'+ 2 



2fc 

^E 



(-l) j (2fc) 



2^ (2fc-j)!^+i 



^(-i-j)(2g) 



2J 



and 
(5.9) 



00 t 2k tan" 1 t 



sinh(2<77rt) 



dt 



In 2 



1 



2fc + 1 8fcg 

i3 2j+2 (l-2- 2 ^ 2 ) 
2^ (i + l)(2A ; -2i-l)g2 J +2 

2 A: 



E 

J'=0 



(-l) J (2fc)! 
(2fe-j)!gi+i 



Example 5.5. The expression (|4.9|l yields 



(5.10) (-1)* 



,oo t2 fc+l ln(1 + i 2) 



e 27r«t + 1 

fc-1 



dt = - 



21n2 



In q 



(2k + 2) 2 2fc + 2 2fc + 2 



+ 



2fe+2 



(2fc + 2)g 2fe + 2 



1^ ggj+g (1 - 2- 2 ^ 1 ) 
r 2^(. ? + l)(2fc-2j)^+ 2 



2 2fe 
2/c+l 

E (2fc-i + 1)^+1 



22fc+l 

(-lp(2fc + l)! 



V> (_1_i) (2g) 



2J 
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and 

(5.11) (-l) fc+1 



°°t 2k+1 ln(l + t 2 ) 2 In 2 



1 



sinh(27r<7£) 



2fc + 2 2<?(2fc + l) 



fe-i 



V B 2j+ 2(l-2-^- 2 ) 
^(j + l)(2fc-2j)^+2 



2i?2fc 



2fe+2 



(2fc + 2)g 2 *+ 2 



(1 



1 In q - 



In 2 

22fc+2 



(1 



22fc+2 



Iff 



2fe+l 



2fe+l 



(-l)J(2fc + l)! 
(2fc-i + l)V +1 



if, 



(-i-j) 



(?) 



7/»(- 1 ^')(2 g ) 



2J+ 1 



For example, 
(5.12) 

i ln(l + t 2 ) 
sinh(27rgi) 



dt= — 



2C'(-i,?)-5C'(-i,2g) 



-In 2 



- -(21nr(g)-lnr(2g)) 
In 7r In g In 2 In 2 



2g 8q 2 24q 2 



2g 



Some special values are 

t ln(l +t 2 ) 



sinh(27rt) 
f ln(l +t 2 ) 

sinh(7rf) 
t ln(l +t 2 ) 



dt = -liln2 + iln 7 r + |c / (-l), 

eft = -In2-In7r-6C'(-1), 
8G 



. = 61n2 + 41n7r+ 81nr(±). 

sinn(7rt/2) n * 

Note. Differentiating with respect to the parameter q and evaluating at special 
values yields many new integrals. For example, the derivative of l|4.5f) at q = 1 and 
q = 2 yields 

,-i 



t tan 1 f 1 7 In V27T 

5 d * = 7T" + 

sinh 7rf Z7r 7r 7r 

£ tan -1 1 1 7 ln7r 

sinh 2 2?rf 8^ 2^ ~8V' 
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